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$m$ $(x_{1},x_{2}, \ldots,x_{n})(\sum_{i=1}^{n}x_{i}=m, x_{i}\geq 0)$
. , 1 $n$ , $i$
$x_{i}$ . (3, 1, 2) 3
6 . (2, 2, 2) ,
. , (1, 2, 3) (3, 1, 2) . ,
1 , 1 3 . ,




. , $x^{*}$ $x$ $\{$1, 2, $\ldots,n\}$ $\pi$ ,
$x^{*}=\pi x=(x_{\pi(1)}, \ldots,x_{\pi(n)})$







$x=(X_{1}, \ldots, x_{n})$ $x^{*}=(x_{1}^{*}, \ldots,x_{n}^{*})=(x_{\pi(1)}, \ldots,x_{\pi(n)})$ .
, $k(1\leq k\leq n)$ 1 $k$ $s_{k}= \sum_{i=1}^{k}x_{1}^{*}$ ,
$(k/n, s_{k}/s_{n})$ . $x$
. $[0,1|\cross[0,1]$ $(0,0)$ (1, 1)





$x=(x_{1}, \ldots,x_{n})$ $y=(y_{1}, \ldots , y_{n})$ $R^{n}$ ,
. $\sum_{i=1}^{n}x_{i}=\sum_{i=1}^{n}y_{i}$
. $x$ $y$ ,
$\sum_{i=1}^{k}x_{\dot{\iota}}^{*}\leq\sum_{1=1}^{k}y_{1}^{*}$ , $k=1,$ $\ldots,$ $n-1$
. , $\sim$ $x$
, $x\prec\sim Ly$ .
, .
$x,$ $y\in R^{n}$ ,
$\sum_{1=1}^{k}x_{i}\leq\sum_{i=1}^{k}y_{i}$ , $k=1,$ $\ldots,n$
, $x\prec\sim GLy$ . $x\prec\sim Ly$
,




. $x$ $y$ , $x$
158
$y$ .
$\langle\cdot,$ $\cdot\rangle$ $R^{n}$ . , $\langle\lambda,$ $x \rangle=\sum_{i=1}^{n}\lambda_{i}x_{i}$
. $x$ , $x_{*}$ .
$x$ $y$ $R^{n}$ . , $G_{x,y}$




$u_{x_{1}y}(i, \pi)=(\pi x-y)_{i}$ , $(i, \pi)\in Nx\Pi$ .
. ,
, $x$ $y$ ,
. $G_{x_{J}y}$
$\hat{G}_{x,y}=(\Delta_{N}, \Delta_{\Pi}, \text{\^{u}}_{x,y})$ . , $\Delta_{N},$ $\Delta_{\Pi}$ $N$ $\Pi$
,
$\hat{u}_{x,y}(\lambda,\mu)=\sum_{i\in N}\sum_{\pi\in\Pi}\lambda_{i}\mu_{\pi}u_{x,y}(i,\pi)$ , $\lambda\in\Delta_{N},$ $\mu\in\Delta_{\Pi}$
. $\lambda$ $\mu$ , $\Delta_{N}$ $\Delta_{\Pi}$
max min $\hat{u}_{x,y}(\lambda, \mu)=$ min max $\hat{u}_{x_{l}y}(\lambda,\mu)$
$\lambda\in\Delta_{N}\mu\in\Delta_{n}$ $\mu\in\Delta_{\Pi}\lambda\in\Delta_{N}$
. , Birkohff $\Delta_{\Pi}$





$\max_{\in\Delta_{N}}\min_{\lambda\pi\in\Pi}\langle\lambda,$ $\pi x-y\rangle=\min_{D\in \mathcal{D}_{n}i\in}\max_{N}(xD-y)_{i}$
. $\hat{G}_{x,y}$ . $v(\hat{G}_{x_{i}y})$
. .
1 $R^{n}$ $x$ $y$ , $x\sim\prec GLy$ $v(\hat{G}_{x,y})\leq 0$
.




. , $\pi’$ $\pi^{t/}$ $N$ . , $\pi=\pi^{\prime-1}\circ\pi’’\in\Pi$ ,
$\langle\lambda,$ $\pi x-y\rangle\leq 0$ . $\min_{\pi\in\Pi}\langle\lambda,$ $\pi x-y\rangle\leq 0$ . $\lambda\in\Delta_{N}$ ,
$v( \hat{G}_{x,y})=\max_{\in}\min_{\lambda\Delta_{N}\pi\in\Pi}\langle\lambda,\pi x-y\rangle\leq 0$
.
$v(\hat{G}_{x,y})\leq 0$ . $v(\hat{G}_{x,y})\leq 0$
$\min_{D\in\triangle n}\max_{:\in N}(xD-y)_{i}\leq 0$ ,
, $i=1,2,$ $\ldots,$ $n$ , $(xD)_{i}\leq y_{i}$
$D$ . $x$ $R_{++}^{n}$ , $i=1,2,$ $\ldots,$ $n$
$(xD)_{i}>0$ . $i=1,2,$ $\ldots,$ $n$ $\alpha_{i}=yi/(xD)_{i}\geq 1$ , $n$
$S$ $S=(\alpha_{1}d_{1}, \alpha_{2}d_{2}, \ldots,\alpha_{n}d_{n})$ . , $d_{i}$ $D$ $i$ .
, $S$ , $xS=y$ . , $x\sim\prec GLy$
.
$x,$ $y\in R_{++}^{n}$ . $x,$ $y\in R^{n}|’$.
, $\alpha>0$ $x+\alpha e,$ $y+\alpha e\in R_{++}^{n}$ . $x\prec\sim GLy$
$x+\alpha e\prec\sim GLy+\alpha e$ , $v(\hat{G}_{x,y})=v(\hat{G}_{x+\alpha e,y+\alpha e})$ , .
QED.
1 $R^{n}$ $x$ $y$ , $x\prec\sim Ly$ $v(\hat{G}_{x,y})=0$
$\sum_{i=1}^{n}x_{i}=\sum_{i=1}^{n}yi$ . , $x^{*}=y^{*}$ $v(\hat{G}_{x,y})=0$
.
$x\prec_{L}\sim y$ . 1 $v(\hat{G}_{x,y})\leq 0$ . $v(\hat{G}_{x,y})<0$
, $\min_{D\in\Delta_{\Pi}}\max_{i\in N}(xD-y)_{i}<0$ , $D$ ,
$i=1,2,$ $\ldots,$ $n$ $(xD-y)_{i}<0$ . , $\sum_{i=1}^{n}x_{i}=\sum_{1=1}^{n}(xD)_{i}<\sum_{1=1}^{n}yi$
, $x_{\sim}L$ .
, $v(\hat{G}_{x,y})=0$ $\sum_{i=1}^{n}x_{i}=\sum_{i=1}^{n}y_{i}$ . ,
$D$ , $i=1,2,$ $\ldots,$ $n$ $(xD)_{i}\leq yi$ . $\sum_{i=1}^{n}(xD)_{i}=$
$\sum_{i=1}^{n}x_{i}=\sum_{i=1}^{n}y_{i}$ , $i=1,2,$ $\ldots,$ $n$ $(xD)_{i}=y_{i}$ . , $xD=y$
$x\prec\sim Ly$ . QED.
2 $x^{*}\neq y^{*}$ $R^{n}$ $x$ $y$ , $x\prec\sim GLy$
$v(\hat{G}_{x,y})\leq 0<v(\hat{G}_{y,x})$ .






. $R^{n}\cross R^{n}$ $\delta$ .
$\delta(x,y)=v(\hat{G}_{x,y})$ .
, $\delta$ .
1 $R^{n}$ $x,$ $y,$ $z$ ,
$\delta(x, z)\leq\delta(x,y)+\delta(y, z)$ .
.
$\delta(x, z)=\max_{\lambda\in\Delta_{N}}\min_{\pi\in\Pi}\langle\lambda,\pi x-z\rangle$ , $\delta(x, z)=\min_{\pi\in\Pi}\langle\lambda’,$ $\pi x-z\rangle$










$=\delta(x, y)+\langle\lambda’,$ $\pi’y-z)$ .
$\pi’\in\Pi$ ,
$\delta(x,z)-\delta(x,y)\leq\min_{\pi\in\Pi}\langle\lambda^{l},\pi y-z)$
$\leq$ max min $\langle\lambda,\pi y-z\rangle$
$\lambda E\Delta_{N}\pi\in\Pi$
$=\delta(y, z)$
, $\delta(x, z)\leq\delta(x, y)+\delta(y, z)$ . QED.
$\delta$ $R^{n}$ , . $R^{n}xR^{n}$
$d$
$d(x, y)=\delta(x, y)\vee\delta(y, x)$
. 2 $d$ .
161
2 $R^{n}$ $x,$ $y,$ $z$ , $d$ .
1. $d(x, y)\geq 0$ , $d(x, y)=0$ $\pi x=y$ $N$
$\pi$ ;
2. $d(x, y)=d(y,x)$ ;
3. $d(x, z)\leq d(x, y)+d(y, z)$ ;
4. $x\prec\prec z\sim GLy_{\sim}GL$ ,






$d(x,y)=\delta(y,x)\leq\delta(y, z)+\delta(z,x)\leq\delta(z,x)=d(x, z)$ .
$d(y,$ $z)\leq d(x,$ $z)$ .
QED.
$d$ .
2 $R^{n}$ $x,$ $y$ $\alpha$ , .
1. $d(x+\alpha e, y+\alpha e)=d(x,y)$ ;
2. $\alpha\geq 0$ , $d(\alpha x,\alpha y)=\alpha d(x,y)$ ;
3. $\Pi$ $\pi$ $\pi’$ , $d(\pi x,$ $\pi’y)=d(x, y)$ .





$e$ 1 $R^{n}$ , $e_{n}$ 1
$0$ $R^{n}$ . , $e$ $ne_{n}$
$n$ . $F_{n}$ .
,
$F_{n}=\{x\in R^{n}:x_{i}\geq 0,$ $i=1,2,$ $\ldots,n$ $\sum_{i_{\overline{\vee}}1}^{n}x_{i}=n\}$
. , $n$ $r$ $F_{r}$ .
, $F_{r}=\{x\in R^{n}:x:\geq 0, i=1,2, \ldots,n$ $\sum_{i=1}^{n}x_{i}=r\}$ . $F_{n}$




3 1. $x,$ $y\in F_{n}$ $d(x, y)\leq 1$ .
2. $x\in F_{n}$ $d(ne_{n}, x)= \frac{1}{n-1}(n-\max_{i\in N}x_{i})$ . , $x\in F_{n}$
, $d(ne_{n}, x)=1$ $x=e$ .
3. $x\in F_{n}$ , $d(e,x)=1- \min_{i\in N}x_{i}$ . , $x\in F_{n}$
, $d(e, x)=1$ $\min_{i\in N}x_{i}=0$ .
$R^{n}$ . $R^{n}$ $x$ $y$
$[x, y]$
$[x, y]=\{(1-s)x+sy:0\leq s\leq 1\}$
$R^{n}$ . $d_{E}(d_{E}(x, y)=\sqrt{\langle x-y,x-y\rangle})$
$[x,$ $y|$ .
$z\in[x,$ $y|$ $d_{E}(x, z)+d_{E}(z,y)=d_{E}(x, y)$
, $ne_{n}$ $e$ $F_{n}$ $L_{n}$ $d$
$L_{n}=\{x\in F_{n}:d(ne_{n}, x)+d(x, e)=d(ne_{n}, e)(=1)\}$
. $L_{n}$ .
4 $L_{r\iota}$ $ne_{n}$ $e$ , $x\in F_{n}$ . , $x$




5 $x$ $F_{n}$ .
1. $x_{k}^{*}<x_{k+1}^{*}$ , $x_{k}^{*}+t\leq x_{k+1}^{*}-t$ $t>0$ . $X’\in F_{n}$
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